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Cubic fourfolds and non-commutative K3 surfaces
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The derived category of coherent sheaves on a smooth cu-
bic fourfold has a subcategory, called the Kuznetsov compo-
nent, that can be thought as the derived category of a non-
commutative K3 surface. This category has recently been
studied by Kuznetsov and Addington–Thomas, among others.
Namely, it is conjecturally [6, Conjecture 1.1] the derived cate-
gory of a K3 surface if and only if the cubic fourfold is rational,
and this conjecture is equivalent (generically) to a folklore con-
jecture characterizing rationality of a cubic fourfold in terms of
its Hodge structure [1, Theorem 1.1].

Moreover, the most interesting part of the geometry of mod-
uli space of sheaves on a cubic fourfold X is induced by the
Kuznetsov component Ku(X)—which explains the interest in
the question on the existence of stability conditions on Ku(X).

In this talk, I will present joint work with Bayer, Macrì, and
Stellari [2] about the construction of Bridgeland stability con-
ditions on the Kuznetsov component. This allows in particular
to recover the 8-dimensional hyperkähler variety associated to
cubic fourfolds X via the Hilbert scheme of twisted cubics [8]
as a moduli space of Bridgeland stable complexes in Ku(X)
[7] (for X very general).

If time permits, I will also explain the notion of stability condi-
tion over a curve, which we have introduced with Bayer, Macrì,
Nuer, and Perry (it will appear in [3]). Thanks to this no-
tion, we can use deformation arguments to study moduli spaces
on Ku(X) and extend the fundamental results (due to Mukai,
Huybrechts, O’Grady, Yoshioka, Toda [5, 9, 11, 10]) on non-
emptiness of moduli spaces of sheaves and stable objects on
K3 surfaces to stable objects in Ku(X) (work in progress to-
gether with Bayer, Macrì, and Stellari [4]). This allow us to
naturally reprove and complete the aforementioned result by

Addington–Thomas [1].
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